INTRODUCTION
The notion of quotient and localization of abelian categories by dense subcategories (i.e., Serre classes) was introduced by Gabriel, and plays an important role in ring theory [6, 131 . The notion of triangulated categories was introduced by Grothendieck and developed by Verdier [9, 16) and is recently useful in representation theory [8, 4, 143 . The quotient of triangulated categories by epaisse subcategories is constructed in [16] . Both quotients were indicated by Grothendieck, and they resemble each other. In this paper, we will consider triangulated categories and derived categories from the point of view of localization of abelian categories. Verdier gave a condition which is equivalent to the one that a quotient functor has a right adjoint, and considered a relation between tpaisse subcategories [16] . We show that localization of triangulated categories is similarly defined, and have a relation between localizations and Cpaisse subcategories. Beilinson, Bernstein, and Deligne introduced the notion of t-structure which is similar to torsion theory in abelian categories [2] . We, in particular, consider a stable t-structure, which is an epaisse subcategory, and deal with a correspondence between localizations of triangulated categories and stable r-structures. And then recollement, in the sense of [2] , is equivalent to bilocalization.
Next, we show that quotient and localization of abelian categories induce quotient and localization of its derived categories.
In Section 1, we recall standard notations and terminologies of quotient and localization of abelian categories. In Section 2, we define localization of triangulated categories, and consider a relation between localizations and stable r-structures (Theorem 2.6). In Section 3, we show that if A + A/C is a quotient of abelian categories, then D*(A) -+ D*(A/C) is a quotient of triangulated categories, where * = + , -, or b (Theorem 3.2). Moreover, JUN-ICHI MWACHI under some conditions, if A --f '4,/C is a localization of triangulated categories.
In Section 4, we study quotient and localization of derived categories of modules by using similar module to tilting modules with finite projective dimension [4, 1 I] (Propositions 4.2 and 4.3). In Section 5, we apply Section 4 to the situation of module categories of finite dimensional algebras over a fixed field k and by calculating the Grothendieck groups we give a bound to the number of non-isomorphic indecomposable modules which are direct summands of such a module (Propositions 5.1, 5.2, Corollaries 5.5, 5.7, and 5.8). And we consider relations between localizations and ring epimorphisms (Proposition 5.3 and Theorem 5.4). Finally, in connection with recollement of derived categories of modules which was introduced by Cline, Parshall, and Scott [S, 123, we consider relations between localizations and idempotent ideals (Proposition 5.9, Theorem 5.10, and Corollary 5.11).
Throughout this note, we assume that all categories are skeletally small.
PRELIMINARIES
Let A be an abelian category. A full subcategory C of A is called dense if for every exact sequence 0 + X -+ Y + 2 + 0 in A, the following condition holds: X, ZE C if and only if YE C. We denote by 4(C) the set of morphisms f such that Ker f and Cokerf are in C. Then d(C) is a multiplicative system. And then C is an abelian category and the quotient category A/C is defined. In this case, we will say that 0 --i C + A 4 A/C -+ 0 is exact. The right adjoint of Q is called a section functor. If there exists a section functor S, {A/C; Q, S} is called a localization of A. In this case, C is called a localizing subcategory of A. Then S is fully faithful. On the other hand, if T: A + B is an exact functor between abelian categories which has a fully faithful right adjoint S: B -+ A, then Ker T is a localizing subcategory of A, and T induces an equivalence between A/Ker T and B. Colocalization of C is also defined, and similar results hold [6, 131. We apply these ideas to triangulated categories in the next section. A subcategory U of D is called Cpaisse if U is a full triangulated subcategory and if U satisfies the following condition: For any f: X -+ Y, which factors through an object in U and which has a mapping cone in C, X and Y are objects in U. We denote by d(U) the set of morphismsfwhich is contained in a distinguished triangle (X, Y, Z, f; g, h) where Z is an object of U. Then d(U) is a multiplicative system which satisfies the following conditions:
(FR-1) s E 4(U) if and only if Ts E 4(U), where T is the translation functor.
(FR-2) Given distinguished triangles (X y, z 4 u, H'), (XII, Y', Z', u', u', w'), if f and g are morphisms in d(U) such that u'J~= gau, then there exists a morphism h in b(U) such that (f; g, h) is a morphism of distinguished triangles (see [ 16, (a) @ is an isomorphism (i.e., S is fully faithful). (b) For every object XE D, the distinguished triangle U -+ X -% SQX --r satisfies that U is in U. We have the same result of Cline, Parshall, and Scott [S, Sect. 1, Theorem 1.11 under the weak conditions. PROPOSITION 2.7. Let F: D -+ E be a ii-functor of triangulated categories. Assume that F has a fully faithful right (resp., left) adjoint G: E--t D. If F has a left (resp., right) adjoint H: E + D, then H is a fully faithful a-functor.
In this case, (Ker F, D, E) is a recollement.
Proof According to Theorem 2.5, Proposition 2.3, Proposition 2.6, and their duals, it is clear.
LOCALIZATION OF DERIVED CATEGORIES
Let A be an additive category, K(A) a homotopy category of A, and K+(A), K-(A) and Kb(A ) full subcategories of K(A) generated by the bounded below complexes, the bounded above complexes, and the bounded complexes, respectively. For an abelian category A, a derived category D(A) (resp., D'(A), D-(A), and Db(A)) of A is a quotient of K(A) (resp., K + (A), K -(A ), and Kh( A)) by a multiplicative set of quasi-isomorphisms. 
where t is a quasi-isomorphism. According to (a), it is easy to see that there exist morphisms t': X; + x' and s: X2 + X, in Kb( A) such that t 0 Qs = Qr', Qs is an isomorphism in Kb(4/C), and Qt' is a quasi-isomorphism, and that there exist morphisms f": X3 -+ Y' and s': X; -+ x', in P(A) such that f'o Qs'= QJ" and Q.s' is an isomorphism in K'(A/C). We have the following morphism of distinguished triangles in K'(4):
By QZ' = 0 in Kb(A/C), r and t" are isomorphisms in Kb 
APPLICATION TO FINITE DIMENSIONAL ALGEBRAS
In this section, we consider only the case of finite dimensional algebras over a fixed field k. Let D := Hom,(?, k), then D is a duality between mod A and A-mod, where A-mod is the category of finitely generated left A-modules. Then D induces the duality, which we use the symbol D, between D*(modA) and D#(A-mod), where (*, #)=(+, -), (-, +), or (b, b) , by (DX)i = DX-', where X = (Xi, di). For a finite dimensional algebra A, we know that the Grothendieck group of mod A is isomorphic to a free abelian group which has the complete set of non-isomorphic indecomposable projective A-modules as a basis. We denote by Grot(A) the Grothendieck group of A, where A is an abelian category or a triangulated category. Here, we use Grot(mod A) 2: Grot(Db(mod A)) and Proposition of Grothendieck (see [7] for details). Proof. It is well known that rr is a ring epimorphism if and only if the natural morphism CO4 C + C is an isomorphism as an C-C-bimodule morphism. If rc is a ring epimorphism, then the natural ring morphism C + End(C,) is an isomorphism (see [ 151) . They are trivial by Proposition 5.3.
(c) * (a). This is trivial by Proposition 5.2.
For a finitely generated right A-module TA, let add T, be the full subcategory of mod A generated by direct summands of finite direct summs of T.d. For a finitely generated A-module A4, let n(M) be a number of nonisomorphic indecomposable modules which are direct summands of M. Cline, Parshall, and Scott studied relations between a derived category of modules of a ring and the one of its residue ring [ 12, Theorem 2.7; 5, Sects. 1, 23. We consider relations between derived categories and idempotent ideals. 
